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1. Abstract
A proper ideal I in a commutative ring with unity is called a z◦-
ideal if for each a in I, the intersection of all minimal prime ideals in R
which contain a is contained in I. For any totally ordered field F and
a completely F -regular topological space X , let C(X,F ) be the ring
of all F -valued continuous functions on X and B(X,F ) the aggregate
of all those functions which are bounded over X . An explicit formula
for all the z◦-ideals in A(X,F ) in terms of ideals of closed sets in X
is given. It turns out that an intermediate ring A(X,F ) 6= C(X,F )
is never regular in the sense of Von-Neumann. This property further
characterizes C(X,F ) amongst the intermediate rings within the class
of PF -spaces X . It is also realized that X is an almost PF -space if
and only if each maximal ideal in C(X,F ) is z◦-ideal. Incidentally this
property also characterizes C(X,F ) amongst the intermediate rings
within the family of almost PF -spaces.
2. introduction
Let F be a totally ordered field equipped with its order topology.
For any topological space X the set C(X,F ) of all F -valued continuous
functions on X constitutes a commutative lattice ordered ring with
identity if the relevant operations are defined pointwise on X . The
subset B(X,F ) of C(X,F ) containing all those functions f , which are
bounded over X in the sense that |f | ≤ λ for some λ > 0 in F ,
makes a subring as well as a sublattice of C(X,F ) with the special
choice F = R, these two rings C(X,F ) and B(X,F ) reduce to the well
known rings C(X) of all real valued continuous functions on X and its
subring C∗(X) of all bounded real valued continuous functions on X
respectively. There is a nice interplay existing between the topological
structure of X and the algebraic structure of C(X) and C∗(X) both.
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Problem of this kind are beautifully addressed in the classic monograph
[10]. We would like to mention in this context that a good many results
related to this interplay are still valid in a wider setting if C(X) is
replaced by C(X,F ) and C∗(X) by B(X,F ) for any totally ordered
field F and this is best realized if we stick to completely F -regular
spaces X is called completely F -regular if it is Hausdorff and given a
point x in X and a closed set K in X missing the point x, there exists
an f in B(X,F ) such that f(x) = 0 and f(K) = 1. Thus complete
F -regularity with the choice F = R reduces to complete regularity.
However if F 6= R, then X becomes completely F -regular if and only
if it is zero-dimensional. So zero-dimensionality of a Hausdorff space
X can be realized as a kind of separation axiom effected by F -valued
continuous functions on X with F 6= R. Problems of this kind are
already investigated in [2], [3] and [9]. A ring A(X,F ) that lies between
the two rings B(X,F ) and C(X,F ) is called an intermediate ring in [4].
There is a particularly interesting common property shared by all these
intermediate rings viz that the structure spaces of all such rings are one
and the same. In [4], this common structure space is realised as βFX ,
the set of all zF -ultrafilters on X equipped with the Stone-topology.
It may be mentioned that the structure space of a commutative ring
R with 1 stands for the set of all maximal ideals of R, endowed with
the well known hull-kernel topology [ Chapter 7, exercise 7M, [10].
Incidentally a zF -ultrafilter on X is a family of zero sets of F -valued
continuous functions on X , which is maximal with respect to having
finite intersection property. In the present article, our main intention is
to highlight a few dissimilarities between the parent ring C(X,F ) and
its proper intermediate subrings A(X,F )’s. Such a programme has
already been initiated in the papers [16], [17], [18]. In these papers
the authors have characterized C(X) amongst the intermediate rings
lying between C∗(X) and C(X) within the categories of some well
chosen class of spaces. Truely speaking, the present paper is in tune
with this programme. To accomplish this, we need two particular types
of ideals viz z◦-ideals and z-ideals in the intermediate rings A(X,F )’s
mentioned above. An ideal unmodified in a ring, in this paper will
always stand for a proper ideal; unless we specify the contrary.
Let R be a commutative ring with unity. For each ′a′ in R, let
Pa(Ma) stand for the intersection of all minimal prime ideals (maximal
ideals) of R, which contain a. An ideal I in R is called a z◦-ideal
(respectively z-ideal ) if for each a in I, Pa ⊆ I ( respectively Ma ⊆ I).
It was proved in [15] that a z◦-ideal of R is a z-ideal if and only if the
Jacobson radical ofR is zero. In particular in our situation each z◦-ideal
in any intermediate ring A(X,F ) is a z-ideal. R is called a reduced ring
if 0 is the only nilpotent element of R. It is clear that each intermediate
ring A(X,F ) is reduced. The following useful description of minimal
prime ideals in R due to kist [13] is recorded in [[12], lemma 1.1]:
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Theorem 2.1. A prime ideal P in a commutative ring R is a min-
imal prime ideal if and only if given a ∈ P , there is b ∈ R\P such that
ab is a nilpotent member of R( in particular ab = 0 if R is reduced ).
It follows from this theorem that each non zero element of a mini-
mal prime ideal in a reduced ring R is a divisor of zero. Consequently
in such a ring R all proper z◦-ideals contain divisors of zero of R only.
Incidentally it was recorded in [8], Example 3 that for a non com-
pact space X , the ideal CK(X) of all functions in C(X) with compact
support is a z◦-ideal. In the present article, we have shown more gen-
erally that whenever P is an ideal of closed sets in X in the following
sense that if A,B ∈ P and C is a closed in X contained in A, then
A ∪ B ∈ P and C ∈ P, it follows that CP(X,F ) = {f ∈ C(X,F ) :
clX(X \ Z(f)) lies on P} is a z
◦-ideal of C(X,F ) and more generally
for an intermediate ring A(X,F ), CP(X,F ) ∩ A(X,F ) is a z
◦-ideal of
A(X,F ), here Z(f) = {x ∈ X : f(x) = 0} is the zero set of f in
C(X,F ). It is interesting to note as we have observed that the con-
verse of this statement is also true. This means that if I is a proper
z◦-ideal of A(X,F ), then there exists an ideal P[I] of closed sets in
X for which CP[I](X,F ) ∩ A(X,F ) = I [Theorem 3.4 of the present
article ]. Thus an explicit description of z◦-ideals of intermediate rings
A(X,F ) can be given via ideals of closed sets in X . On using this
last fact, we have established that if I is a proper ideal of A(X,F ),
containing divisors of zero only, then I can be extended to a z◦-ideal
of A(X,F ) [ Theorem 3.5 of the present article ]. This extends a re-
sult proved in [8], Theorem 2.5. It is well known that the ring C(X)
can be regular in the sense of Von-Neuman for a well designated class
of spaces X viz the class of P spaces initiated in [10]. More gener-
ally given a totally ordered field F , a completely F -regular space X
is called a PF space if the ring C(X,F ) is regular in Von-Neuman
sense. For F = R, PF -spaces reduce to P -spaces. Nevertheless if F
is a Cauchy complete totally ordered field with co-finality index equal
to ω0, then PF -spaces are nothing but P -spaces. Indeed there do exist
plethora of non archimedean Cauchy complete totally ordered fields F
with co-finality index ω0. For more information about these PF -spaces
see [3], one can ask a pertinent question: Can an intermediate ring
A(X,F ), properly contained in C(X,F ) be ever regular? We have
given a negative answer to this question by using some properties of
z◦-ideals [Theorem 3.7 of the present article ]. A special case of this
result on choosing F = R reads: a ring A(X) containing C∗(X) and
contained properly in C(X) is never regular, which was proved recently
in [1] and [16]. Incidentally we have offered a new characterization of
PF -spaces in the following manner: a completely F -regular space X is
a PF -space if and only if every ideal of C(X,F ) is a z
◦-ideal ( Theorem
3.9). This property therefore characterizes in the class of PF spaces, the
4 S. BAG, S.K.ACHARYYA, AND D. MANDAL
ring C(X,F ) amongst all the intermediate rings of F -valued continu-
ous functions. As recorded in [14], P -spaces are fairly rare. A larger
class of spaces, the almost P -spaces consisting precisely of those spaces
in which non-empty zero sets have non-empty interior. ( equivalently
every non-empty Gδ set has non-empty interior ) have been introduced
in [14]. Almost P -spaces are far more abundant than P -spaces ( see
[14], for example of almost P spaces ). These spaces have been charac-
terized via z◦-ideals and z-ideals in [8], Theorem 2.14, in the following
manner: A space X(Tychonoff) is almost P -space if and only if each z-
ideal of C(X) is a z◦-ideal. We have made a generalization of this fact
by initiating corresponding to a totally ordered field F , an almost PF -
space X as follows: a completely F -regular space X is called an almost
PF -space if each non-empty zero set in X of F -valued continuous func-
tions has non-empty interior. It is easy to check by using the complete
F -regularity of X that X is almost PF -space if and only if each zero set
in X is regular closed i.e. for any f ∈ C(X,F ), Z(f) = clX(intXZ(f)).
It is trivial that an almost PF space with F = R is just an almost P -
space. We are not aware of any totally ordered field F and a suitable
completely F -regular space X such that X is almost PF space with
out being an almost P -space. On the contrary, there exist pretty many
totally ordered fields F , for which the class of almost PF -spaces and
almost P spaces do coincide. We have offered a proof of this assertion
[Theorem 3.11] in the present article. It is established in this paper
[ Theorem 3.14] that a completely F -regular space X is almost PF if
and only if all the fixed maximal ideals of any prescribed intermediate
ring A(X,F ) are z◦-ideals. This leads to a further characterization of
almost PF spaces, [Theorem 3.16], which says that almost PF space
X are precisely those for which each maximal ideal in C(X,F ) is a
z◦-ideal. Incidentally, this property characterizes C(X,F ) amongst all
the intermediate rings of F -valued continuous functions on X (The-
orem 3.17). We conclude this introductory section by adopting the
following notational convention: Z(X,F ) will stand for the family of
all zero sets of functions in C(X,F ) and A(X,F ) will designate for a
typical intermediate subring of C(X,F ). Also a space X will stand for
a completely F -regular space.
3. z◦-ideal in intermediate rings
We start with the following convenient formula for the basic z◦-ideal
Pa for an element a of a reduced ring R as recorded in [7], ( Proposition
1.5).
Theorem 3.1. Pa = {b ∈ R : Ann(a) ⊆ Ann(b)}, here Ann(a) ≡
{c ∈ R : ac = 0} is the annihilator of a in R.
By using the technique of proof of Lemma 2.1 in [8] using The-
orem 3.1 and taking note of the fact that each bounded function in
z
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C(X,F ) belongs to an intermediate ring A(X,F ), we get the following
proposition:
Theorem 3.2. For a space X and for f, g ∈ A(X,F ), Ann(f) ⊆
Ann(g) if and only if intXZ(f) ⊆ intXZ(g). Here Ann(f) stands for
the annihilator of f in A(X,F ).
We write the following formula for the basic z◦-ideals in A(X,F ),
which is obtained by combining theorem 3.1 and Theorem 3.2 and
which we will need to use several times in the present paper.
Theorem 3.3. For f ∈ A(X,F ), Pf = {g ∈ A(X,F ) : intXZ(f) ⊆
intXZ(g)}.
On using this theorem, we obtain the following new topological
characherization of z◦-ideals in the intermediate rings.
Theorem 3.4. For any ideal P of closed sets in X, CP(X,F ) ∩
A(X,F ) ≡ {f ∈ A(X,F ) : clX(X\Z(f)) ∈ P} is a z
◦-ideal of A(X,F ).
Conversely, if I is a z◦-ideal of A(X,F ), then there exists an ideal
P[I] of closed sets in X such that I = CP[I](X,F ) ∩ A(X,F ).
Proof. Let f ∈ CP(X,F ) ∩ A(X,F ). We shall show that Pf(≡
the intersection of all minimal prime ideals of A(X,F ) which contain
f) ⊆ CP(X,F ). Choose g ∈ Pf . Then by Theorem 3.3, intXZ(f) ⊆
intXZ(g). This implies that clX(X \ Z(g)) ⊆ clX(X \ Z(f)). Since
f ∈ CP(X,F ) and P is an ideal of closed sets in X , it follows that
clX(X \ Z(g)) ∈ P i.e. g ∈ CP(X,F ).
Conversely, let I be a z◦-ideal of A(X,F ). Then the family T =
{clX(X \ Z(f)) : f ∈ I} is closed under finite union. Suppose P[I] is
the ideal of closed sets in X , generated by this family i.e. P[I] = {K :
K is closed in X and K ⊆ some member of T}. We assert that I =
CP[I](X,F ) ∩A(X,F ). It is plain that I ⊆ CP[I](X,F ) ∩A(X,F ). To
prove the other containment let g ∈ CP[I](X,F )∩A(X,F ). Then there
exists f ∈ I such that clX(X \ Z(g)) ⊆ clX(X \ Z(f)). It follows that
intXZ(g) ⊇ intXZ(f) i.e. g ∈ Pf in the ring A(X,F ). As f ∈ I and
I is a z◦-ideal, this implies that g ∈ I. Thus CP[I](X,F ) ∩ A(X,F ) ⊆
I. 
For more information on ideal of closed sets in X , see [5] and [6].
The following proposition is a consequence of Theorem 3.4 and gives an
alternative approach to prove a similar kind of theorem in [[8] Theorem
2.5].
Theorem 3.5. An ideal I in A(X,F ) containing divisors of zero
only can be extended to a proper z◦-ideal in this ring.
Proof. It is easy to check that an f ∈ C(X,F ) is a divisor of zero
in the ring C(X,F ) if and only if intXZ(f) 6= φ. Since an f ∈ A(X,F )
is a divisor of zero in A(X,F ) if and only if it is a divisor of zero in
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C(X,F ), as can be immediately verified, it follows that an f ∈ A(X,F )
is a divisor of zero in A(X,F ) if and only if intXZ(f) 6= φ. Therefore
for each f ∈ I, f 6= 0, intXZ(f) is a non-empty proper open subset
of X . Consequently clX(X \ Z(f)) = X \ intXZ(f) is a non-empty
proper closed subset of X . Accordingly {clX(X \ Z(f)) : f ∈ I} is a
family of closed sets in X , which is closed under finite unions and which
excludes the set X . Let P[I] be the ideal of closed sets in X , generated
by the last family. Then it is clear that I ⊆ CP[I](X,F )∩A(X,F ). We
further note that, since X /∈ P[I], this implies on using theorem 3.4
that CP[I](X,F ) ∩A(X,F ) is a proper z
◦-ideal of A(X,F ). 
Remark: A special case of this theorem on choosing F = R and
A(X,F ) = C(X) was establish in [[8] Theorem 2.5] where the authors
have offered an existential proof of it by using the principle of transfinite
induction. We would like to mention that the proof of the theorem 3.5
above is rather constructive.
To show that an intermediate ring, properly contained in C(X,F )
is never regular, we require the following auxiliary result.
Lemma 3.6. An intermediate ring A(X,F ) is an absolutely convex
subring of C(X,F ) in the sense that if |f | ≤ |g|, f ∈ C(X,F ) and
g ∈ A(X,F ), then f ∈ A(X,F ).
Proof. As A(X,F ) is a lattice ordered ring, easily verifiable, and
f
1+|g|
∈ B(X,F ), it follows that f = f
1+|g|
(1 + |g|) belongs to A(X,F ).

Theorem 3.7. Suppose an intermediate ring A(X,F ) is regular.
Then A(X,F ) = C(X,F ).
Proof. Choose f in C(X,F ). To show that f ∈ A(X,F ), it suf-
fices to check in view of the absolute convexity of A(X,F ) in Lemma
3.6, that 1
1+|f |
is a multiplicative unit of the ring A(X,F ). If possible
let 1
1+|f |
be not a unit in A(X,F ). Then the principal ideal ( 1
1+|f |
) in
A(X,F ) is a proper one. Since A(X,F ) is assumed to be regular and
each proper ideal of a regular ring can be easily proved to be a z◦-ideal,
it follows that the principal ideal ( 1
1+|f |
) is a z◦-ideal. But we observe
that Z( 1
1+|f |
) is an empty set and therefore 1
1+|f |
is not a divisor of zero
in A(X,F ). Since each member of a proper z◦-ideal is necessarily a
divisor of zero, we arrive at contradiction. 
Given a totally ordered field F , The following proposition decides
the class of spaces X for which C(X,F ) is a regular ring.
Theorem 3.8. The following statements are equivalent:
1) C(X,F ) is a regular ring.
2) X is a PF -space.
3) Every ideal of C(X,F ) is a z◦-ideal.
z
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Proof. Equivalence of (1) and (2) is already proved in [3], Theo-
rem 3.2. Since each ideal in a reduced ring is a z◦-ideal, the implication
(1)⇒ (3) is immediate. Assume therefore that (3) is true. This implies
clearly that each ideal of C(X,F ) is a z-ideal, we use the fact that each
z◦-ideal in a semisimple ring is a z-ideal. Consequently by Theorem
3.2 in [3], X becomes a PF -space. 
Theorem 3.9. Let X be a PF -space. Then for an intermediate ring
A(X,F ), the following two statements are equivalent:
1) A(X,F ) = C(X,F ).
2) Each ideal of A(X,F ) is a z◦-ideal.
Proof. Follows from Theorem 3.8 and a close look into the proof
of Theorem 3.7. 
The following new result is a special case of the theorem 3.9 with
the choise F = R.
Corollary 3.10. With in the class of P -spacesX , an intermediate
ring A(X) containing C∗(X) and contained in C(X) is regular if and
only if each ideal of A(X) is a z◦-ideal.
Let us designate for our convenience the aggregate of all totally
ordered fields F , which satisfy the following two conditions, by the
notation F :
a) cf(F)≡ the co-finality index of F , is ω◦, which means that there
is an order isomorphic copy of the ordinal number ω◦, which is
co-finally embedded in F .
b) F is cauchy complete in the sense that every Cauchy sequence
in F is convergent in F , with respect to the order topology in
F .
Theorem 3.11. Let F be a totally ordered field belonging to the
family F . Then for a space X, the following two statements are equiv-
alent:
1) X is an almost PF -space.
2) X is an almost P -space.
To prove this theorem, we will need the following two subsidiary
results which we reproduce to make this article self-contained:
Lemma 3.12. [Theorem 2.7 [2]] For any topological space X and
for any totally ordered field F , the zero sets in X with respect to the
field F are Gδ subsets of X if and only if cf(F)= ω◦.
Lemma 3.13. [3] Let F be a totally ordered field in F . Furthermore
let V be a Gδ set in a space X with a compact set S ⊆ V . Then there
exists a zero set Z of F -valued continuous function on X such that
S ⊆ Z ⊆ V .
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Proof of the theorem 3.11: (2) ⇒ (1): Let X be almost P -space.
Let Z be a non-empty zero set of F -valued continuous function on X .
Then by Lemma 3.12, Z is a non-empty Gδ set in X and therefore
intXZ 6= φ. Thus X is almost PF -space.
(1) ⇒ (2) : Let X be almost PF -space and G be non-empty Gδ
set in X . Choose a point p from G. By using Lemma 3.13, we can
produce a zero set Z in X of F -valued continuous function such that
p ∈ Z ⊆ G. As X is almost PF -space, it follows that intXZ 6= φ,
consequently intXG 6= φ. Hence X is almost P -space.
The following proposition is a description of almost PF -spaces in
terms of an intermediate ring.
Theorem 3.14. Let A(X,F ) be an intermediate ring. Then X is
almost PF if and only if each fixed maximal ideal M
p
A ≡ {f ∈ A(X,F ) :
f(p) = 0}, p ∈ X of A(X,F ) is a z◦-ideal.
Proof. LetX be almost PF -space and p ∈ X . Choose f ∈M
p
A and
g ∈ Pf ≡ the intersection of all minimal prime ideals of A(X,F ) which
contain f . Then by Theorem 3.3, intXZ(f) ⊆ intXZ(g). Again the hy-
pothesis X is almost PF -space ensures us that Z(f) = clXintXZ(f) ⊆
clXintXZ(g) = Z(g). Since f ∈ M
p
A, we have f(p) = 0, consequently
g(p) = 0 and therefore g ∈ MpA. Then Pf ⊆ M
p
A and hence M
p
A is a
z◦-ideal of A(X,F ). To prove the other containment let X be not an
almost PF -space. This means that there is an f ∈ B(X,F ) such that
Z(f) 6= φ but intXZ(f) = φ. Choose a point p ∈ Z(f). We note that f
is not a divisor of zero in A(X,F ) and f ∈MpA. Since all the members
of a proper z◦-ideal in a ring are divisors of zero, it follows that MpA is
not a z◦-ideal of A(X,F ). 
A special case of this theorem with the choice F = R, yields the
following new characterization of almost P -spaces via an arbitrary in-
termediate ring A(X) of real valued continuous functions on X .
Corollary 3.15. X is an almost P -space if and only if each fixed
maximal ideal of A(X) is a z◦-ideal.
We shall now give a characterisation of almost PF -spaces via maxi-
mal ideals ( fixed or free ) of the parent ring C(X,F ). For this purpose
we require a Gelfand-Kolmogoroff like theorem [ see [10], Theorem 7.3]
for the description of maximal ideals of C(X,F ) and we make an ap-
proch similar to that in [10], Chapter 6. We recall the set βFX of all zF -
ultrafilters on X . For each point p ∈ X,Ap,F ≡ {Z ∈ Z(X,F ) : p ∈ Z}
is a (fixed ) zF -ultrafilter on X . Therefore X is a ready made in-
dex set for the family of all fixed zF -ultrafilters on X . Let us en-
large X to a bigger set X̂ , to serve as an index set for the family
of all zF -ultrafilters on X (fixed and free both). For each p ∈ X̂ ,
let the corresponding zF -ultrafilter be denoted by A
p
F with the stipu-
lation that whenever p ∈ X,ApF ≡ Ap,F . For each Z ∈ Z(X,F ), set
z
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Z = {p ∈ X̂ : Z ∈ ApF}. It is not hard to check that {Z : Z ∈ Z(X,F )}
is a base for the closed sets of some topology, essentially the Stone-
topology on X̂ , as mentioned in the introduction of this article. Since
there is a one-to-one correspondence between the maximal ideals of
C(X,F ) and the zF -ultrafilters on X [ see Theorem 2.19(5), [2]]; via
the ZF -map:M 7→ ZFM(f 7→ ZF (f)), it is easy to verify that for each
p ∈ X̂, the corresponding maximal ideal MpF in C(X,F ) is determined
by the formulaMpF = {f ∈ C(X,F ) : p ∈ clX̂Z(f)}. Here we note that
the space X̂, constructed above is just a homeomorphic copy of βFX
constructed in [4], Section 3).
Theorem 3.16. X is an almost PF -space if and only if every max-
imal ideal of C(X,F ) is a z◦-ideal.
Proof. If X is not an almost PF -space, then from Theorem 3.14,
on choosing A(X,F ) = C(X,F ), we can say that there exists at least
one fixed maximal ideal of C(X,F ) which is not a z◦-ideal. Conversely,
let X be almost PF -space. A typical maximal ideal of C(X,F ) is of
the form MpF , for some p ∈ X̂ , as described above. Choose f ∈ M
p
F
and g ∈ Pf ≡ the intersection of all minimal prime ideals in C(X,F )
which contain f . Then from Theorem 3.3, we can write intXZ(f) ⊆
intXZ(g), consequently in view of the almost PF condition on X we
see that Z(f) = clXintXZ(f) ⊆ Z(g) and hence clX̂Z(f) ⊆ clX̂Z(g).
Since f ∈ MpF , it follows that p ∈ clX̂Z(f), therefore g ∈ M
p
F . Thus
Pf ⊆M
p
F and hence M
p
F is a z
◦-ideal of C(X,F ). 
Theorem 3.17. Let X be an almost PF -space. Then for an inter-
mediate ring A(X,F ), each maximal ideal of A(X,F ) is a z◦-ideal if
and only if A(X,F ) = C(X,F ).
Proof. If A(X,F ) = C(X,F ), then from Theorem 3.16, it is im-
mediatethat each maximal ideal of A(X,F ) is a z◦-ideal. Conversely,
let A(X,F ) 6= C(X,F ). Then there exists an f ∈ A(X,F ), such that
Z(f) = φ but f is not invertible in this ring. Now there exists a max-
imal ideal M in A(X,F ) containing f , as f is a nonunit in this ring.
Since f is a not a divisor of zero in A(X,F ), it follows that M can not
be a z◦-ideal of A(X,F ). 
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